We report experiments on the overall phase diagram of granular flows on an incline with emphasis on high inclination angles where the mean layer velocity approaches the terminal velocity of a single particle free falling in air. The granular flow was characterized by measurements of the surface velocity, the average layer height, and the mean density of the layer as functions of the hopper opening, the plane inclination angle, and the downstream distance x of the flow. At high inclination angles the flow does not reach an x-invariant steady state over the length of the inclined plane. For low volume flow rates, a transition was detected between dense and very dilute ͑gas͒ flow regimes. We show using a vacuum flow channel that air did not qualitatively change the phase diagram and did not quantitatively modify mean flow velocities of the granular layer except for small changes in the very dilute gaslike phase.
I. INTRODUCTION
Granular flows are often separated into two categories dealing with ͑i͒ dense granular flows where the flow density is not far from the density of static packing ͑for studies in two dimensions see ͓1-5͔ or in three dimensions see ͓6-12͔͒ and ͑ii͒ a rapid, very dilute ͑gas͒ regime ͓13͔, which is often analyzed in terms of a kinetic theory ͓14͔. Although flow on a rough inclined plane has become a model experiment because of its simple geometry, most of the available research focuses on the dense regime while fewer data are devoted to characterizing the gas regime and the transition between the dense and very dilute phase regimes.
A granular layer of thickness h on a rough inclined plane starts flowing only if the plane inclination surpasses a critical angle c and stops flowing when is decreased below an angle of repose r ͑for reviews see ͓6,15,16͔͒. Experiments in three dimensions typically feature a storage container with an opening of height H that influences the volume flow rate of material down the plane ͓8-12͔. The properties of granular flows in this system have been extensively studied when is not much larger than the flow initiation conditions ͓9-12͔. For Ϸ r and for small volume flow rates, intermittent flows are observed ͓17͔ including avalanches ͓18͔ and wavelike motion ͓10-12͔. At somewhat larger , the grains flow uniformly with a statistically steady flow velocity that depends on the layer height ͓9,10,12͔. For still higher , the flow properties have not been well studied although an interesting stripe state has been reported ͓8,19,20͔. One might expect that the layer density would decrease as is increased because of higher average flow velocity which creates larger shear rates and higher granular temperature. Because the ratio of the down-plane force to normal force diverges at = / 2, one might also ask whether a dense phase with a well-defined layer thickness continues to exist at large .
Flowing granular layers can be described by a set of macroscopic variables that depend on the system control parameters. The two control parameters for granular flow on a rough inclined plane are the hopper opening H and the inclination angle . The hopper opening largely influences the volume flow rate from the hopper whereas controls the balance of tangential and normal gravitational force on the layer. An additional parameter that is harder to vary systematically is the roughness of the inclined plane surface. For fixed surface roughness, the flow properties of the layer at fixed H and can be characterized by the surface velocity, the height h, and the average density . These quantities depend on the control parameters and on each other in a complicated manner. Part of our purpose in this paper is to understand these relationships.
One particular issue for granular flows at high inclination angles was suggested by idealized numerical simulations in which gravitational forcing cannot be balanced by energy dissipation mechanisms, and the flow is predicted to accelerate ͓21,22͔. Constitutive equations recently proposed for dense granular flows suggest that the effective friction coefficient saturates to a finite value 2 for high shear rates ͓9,23,24͔. In this case the flow is expected to accelerate for above 2 = arctan͑ 2 ͒. As we will show in the present work, in accordance with the data presented in ͓9͔, the dense, nonaccelerating regime can only be observed up to tan / tan 2 = 0.85. For the case of density we show that is observed to decrease substantially from its closed-packed value at plane inclinations starting from tan / tan r = 1.45 ͑in our case tan 2 / tan r = 1.7͒. At very high plane inclinations where a very dilute gas phase is observed the equation of state is certainly much different than for dense flows and the above criterion is not relevant. For the case of velocity u, our characterization of u as a function of downstream distance demonstrates that there is a healing length of the order of the size of our inclined plane for moderate plane inclinations that complicates a comparison with the predictions for an acceleration threshold. We conclude that because of the limited plane length, our data are not complete enough to make a quantitative prediction of the angle up to which stationary flows exist.
As demonstrated in other experiments, air can sometimes have a profound effect on the observed behavior of the *Electronic address: btamas@szfki.hu granular flow as in, for example, segregation of vertically vibrated granular materials ͓25-27͔, discharging hourglasses ͓28,29͔, or impact studies ͓30͔. Thus, in order to characterize the properties of granular flow at high inclination angles, it is important to understand how air interacts with the granular flow and to determine the level of fluidization and grain velocity when the role of air drag is no longer negligible.
In this paper, we characterize the flow of relatively monodispersed sand particles on a rough inclined plane. The experimental apparatus, which allows for measurements of flow conditions as a function of air pressure, and a characterization of the average terminal velocity of individual grains with different mean sizes and material composition are presented in Sec. II. In Sec. III, we describe our measurements of granular layer velocity, height, and density as a function of hopper opening H. We summarize our findings in a phase diagram that includes the transition to a gaseous phase. Finally, we conclude with some discussion of the implications and further opportunities for the system of granular flow on an inclined plane.
II. EXPERIMENT
We start by characterizing the granular material and describing the experimental apparatus used to make quantitative measurements of the flow. For determining the flow properties of the granular layer, we used sand that was sifted with 300-and 500-m sieves to yield a mean diameter of d = 400 m. We designate this distribution as having a mean of d = 400 m and a standard deviation of 50 m. We also used finer sand, salt, and glass beads to help calibrate the air drag effects.
The experimental setup used for measurements of inclined plane flows is shown in Fig. 1 . A glass plate with dimensions 230 cmϫ 15 cm was set inside a 274-cm-long, 20-cm-diam cast-acrylic tube. The leftmost 40 cm of the tube ͑full with sand in the image͒ serves as the hopper. The surface of the remaining part ͑190 cm͒ of the glass plate was made rough by gluing one layer of grains onto it or by covering the plate with sandpaper that had a characteristic roughness of 190 m ͑80 grit͒. The same flow regimes were observed for both surfaces. Because the surface of the sandpaper was slightly smoother, we observed a small ͑about 10%͒ increase of the flow velocity compared to the case of grains glued onto the plate. The tube was rotatable about the middle so that we could set an arbitrary inclination angle . The whole system could be pumped down to P Ϸ 0.5 mbar.
The flow velocity u at the surface was determined by analyzing high-speed ͑8000 frames per second͒ recordings. Space-time plots were created by taking one line of the recordings parallel to the main flow. The Fourier transform of such an image ͑consisting of streaks as traces of particles in the flow͒ yields the average velocity of surface particles. The thickness of the flow, h, was monitored by the translation of a laser spot formed by the intersection with the surface of a laser beam aligned at an angle of 20°with respect to the inclined plane.
The flow properties were characterized by varying two control parameters: the plane inclination 34.1°Ͻ Ͻ 52.2°a nd the hopper opening 0.4Ͻ H Ͻ 4.4 cm ͑i.e., 10Ͻ H / d Ͻ 110͒. Setting a constant H, we observed a slight increase of the hopper discharge rate when increasing , e.g., see Fig.  2 . The hopper discharge rate also depended on the presence of air in the system ͓28,29,31͔. In a typical hourglass geometry, when the hopper and the main chamber are separated, the flow of sand faces a counterflow of air as the hopper discharges and a pressure difference builds up. Without a connection between the two chambers in our experiment, the hopper discharge rate was significantly smaller ͑by about 50%͒ in the presence of air when compared to the case in vacuum. By connecting the two chambers with a flexible tube, the counterflow was substantially reduced and the discharge rate was about 80% -90% of the discharge rate observed in vacuum ͑Fig. 2͒. All the measurements presented here were done for the case of reduced counterflow.
To set the stage for our discussions of air effects in inclined plane flows, we introduce some results related to the interaction of granular particles with air. One way in which air can affect a granular flow is through the drag force of air acting on an isolated particle. Given a spherical particle of radius R ͑diameter d͒ and density p falling under gravity g in air with dynamic viscosity and density F , the equation of motion is FIG. 2. ͑Color online͒ Hopper discharge rate with H = 2.8 cm vs at ambient pressure ͑solid symbols͒ and at P = 0.5 mbar ͑open symbols͒. The two data sets correspond to the case of two separated chambers ͑triangles͒ and reduced counterflow by a connecting pipe ͑circles͒.
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where the buoyancy term is ignored since p ӷ F and c͑v͒ is a turbulent drag correction ͓32͔, c͑v͒ = 1 + 0.15͑vd / ͒ 2/3 , with = / F . The turbulent drag coefficient c͑v͒ yields a good approximation for the range of velocities that are of interest here. The terminal velocity v T is obtained by setting dv / dt = 0 and solving numerically the equation
The air drag on the individual grains is characterized by the Reynolds number Reϵ vd / of a particle of diameter d falling at velocity v. Taking spherical particles with R = 0.2 mm and with the density of sand p =2.5 g/cm 3 , by solving Eq. ͑2͒ numerically we obtain v T = 3.3 m / s with a corresponding Re= 90.
The values of v T were also measured by dropping particles from 2.7 m. All of the particles reached a terminal velocity where the change in their velocities was below 1% over a 7-cm interrogation window. The velocity distribution reflecting the variations in particle size and shape is presented for 100 particles in For example, the deviations observed for the two sets of sand can be consistently explained with noncentered size distributions.
Having determined that our calculation of v T agrees well with the measured data, we used Eq. ͑2͒ to estimate the air drag reduction and the resulting increase in v T as a function of air pressure. The dynamic viscosity of air is almost constant as a function of air pressure P. Using an ideal gas relationship between F and P and Eq. ͑2͒, one obtains v T ͑and Re͒ as a function of P. As seen in Fig. 4 , v T is expected to increase by a factor of 4 when P decreases to 0.5 mbar. If air drag plays a significant role in determining the granular flow state, the substantial decrease in air drag under vacuum will reveal that effect. Here we ignore the expected further increase in the terminal velocity at very low pressures when the air mean free path is comparable to the particle diameter.
Another approach to estimating the effect of air drag on a flowing granular layer is to assume that the granular layer is similar to a fluid and that the air forms a boundary layer between air at large distance with zero velocity and the granular layer flowing with a "surface velocity" v. A Prandtl boundary layer description yields a boundary layer thickness ␦ = 3.4͑x / v͒ 1/2 where x is the downstream distance. The force per unit area, f A , exerted on the flow by the entrained air is approximately 0.66͑ F v 3 / x͒ 1/2 . The relevant parameters of the air are = 1.789ϫ 10 −5 Pa s, F = 0.96 kg/ m 3 ͑for local pressure P Ϸ 0.76P ATM ͒, and = 0.19. Taking a distance x = 100 cm and v = 300 cm/ s, one obtains ␦ Ϸ 0.2 cm and f A Ϸ 0.01 N / m 2 , which is less than 0.1% of the gravitational force-a negligible effect. The surface of a granular flow, however, is not as sharply defined as it is for liquid flows. If there were substantial fluidization of the granular layer, the cumulative drag force experienced by the low-density particles might play a role in the instabilities of the homogeneous flow.
III. RESULTS AND DISCUSSION

A. Phase diagram
Based on qualitative observations of the flow and on quantitative measurements presented below, we can separate the granular flow into regions with certain characteristic features. Such a phase diagram identifying the different flow regimes as a function of the two control parameters H and At very slow flow rates and low plane inclinations the homogeneous flow is unstable and organizes itself into waves. The properties of such waves have been studied extensively ͓10͔. By increasing the flow rate and staying in the range of not very steep plane inclinations ͑up to about 40°͒, the flow becomes homogeneous. For steeper planes an instability occurs, leading to a pattern consisting of lateral stripes ͓8,19͔. A detailed characterization of the stripe state in our system will be presented elsewhere ͓20͔. The dashed line divides the diagram into two regions: accelerating and x-invariant steady flows. Above the dashed line the acceleration of the flow ͑averaged over the range of 60Ͻ x Ͻ 140 cm͒ was more than 5% of g sin . This boundary depends on the distance downstream x at which the acceleration was measured as discussed in more detail in Sec. III C. The phase diagram was found to be qualitatively the same for flow at ambient pressure and flow at low pressure with P = 0.5 mbar.
B. Flow thickness and density
In this section, we describe our procedure for measuring layer height and mean density of the flowing layer. The flow thickness was measured by laser deflection.
The plane of the images shown in Fig. 6 was parallel to the inclined plane. A laser beam projected from the left-hand side of the image at an angle of 20°with respect to the plane of the image produced a localized laser spot. The first image, Fig. 6͑a͒ , shows the case of the empty chamber without flow, where the laser beam was reflected by the rough surface of the inclined plane. The other images ͑b͒-͑h͒ were taken in the presence of flow at a constant hopper opening H = 0.4 cm and downstream distance x = 79 cm with increasing as we go from ͑b͒ to ͑h͒. The laser beam was reflected from the particles at the surface of the flowing layer. The horizontal shift of the laser spot with respect to image ͑a͒ measured the thickness of the flowing layer. This measurement is straightforward when the laser spot did not change its shape; i.e., the surface of the flow was well defined ͓Figs. 6͑b͒-6͑e͔͒. The first sign of decreasing flow density can be seen in Fig. 6͑f͒ where the shape of the reflected laser spot changed significantly. The spot spreading became more pronounced with increasing ͓Figs. 6͑g͒ and 6͑h͔͒.
To get a better measure of the flow thickness in this regime the light intensity I detected at a height z above the inclined plane was integrated over 200 equally spaced images taken over a time period of 3.3 s. The I͑z͒ curves are shown in Fig. 7 corresponding to the last four plane inclinations of Fig. 6 . Because of the increasing fluctuations in the laser spot intensity for the higher , averaging over many images was necessary.
For the relatively dense regime ͑with a compact laser spot͒, the position of the center of mass of the laser spot was taken as the flow thickness h. In the very dilute regime we integrate the I͑z͒ curves and define h as the height below which 80% of the flowing grains were detected. The flow density was measured in the following manner. A stationary flow was established and was maintained for about 4 s. The flow was then "frozen" by rapidly decreasing the plane inclination. The time evolution of the center of mass of the laser spot is shown in Fig. 8 for the same set of plane inclinations as in Fig. 7 . The flow height fluctuated in the first 4 s with larger fluctuations in h for higher values of . As the flow stopped, the height dropped to the height corresponding to the static ͑nearly random close-packed͒ material. The height change between the stationary flow and the frozen state reflected the mean density change which became larger with increasing ; see Fig. 8 . The ratio of the static height and the height of the stationary flow gives the normalized depth-averaged density of the flow / s , where s is the static density. This measurement of height and density averages over some distance in x because the flow does not stop instantaneously. Assuming an exponential decay of the velocity and a total stopping time of about 0.5 s from the data in Fig. 7 , one obtains an averaging length of between 10 and 50 cm. Below we describe a more local albeit less precise measure of density derived from measurements of u and h.
C. Flow characterization as a function of
Granular material exits the hopper at low velocity with height H and a density s that is close to that of a random close-packed state. The material accelerates, thins, and becomes less dense as the interaction of the grains with the rough bottom surface partially fluidizes the granular state. At low inclination angles, the system reaches an an x-invariant steady state after some healing length where layer height h, mean velocity u, and mean density do not change with downstream distance x. For larger than about 40°, the flow is not stationary as a function of x and more complicated states are observed. The flow appears to become stationary on healing lengths of the order of the plane length L for large values of as described below.
All measurements of u and h were repeated at six locations at a distance x measured from the hopper in the range of 20 cmϽ x Ͻ 187 cm. The flow velocity u and layer height h are shown as functions of x for three hopper openings H = 0.8 cm, 1.6 cm, and 2.4 cm in Figs. 9͑a͒-9͑f͒.
For higher plane inclinations the flow did not reach a stationary state over the plane length L. The evolution of the granular flow can be partially understood by an analysis of u as a function of downstream distance x for different . The flow is driven by the gravitational force g sin and damped by dissipation forces-e.g, friction and/or inelastic collisions. In the simplest approach we can assume that the flow would approach a terminal velocity u f like u͑x͒ = u f − ͑u f − u 0 ͒e −x/ where corresponds to the healing length of the flow. Fitting the data in Figs. 9͑a͒-9͑c͒ to this form allows for the determination of and the velocities u 0 and u f for different H and . In Fig. 10͑a͒ , we show data for u and fits to the exponential form. The data are well fit by exponential saturation. The resulting values of are shown in Fig. 10͑b͒ . as a function of for H = 1.6 cm and H = 2.4 cm. The healing lengths are of order L / 2 for Ͼ 43°. Because the data show little variation with x for smaller , our fits almost certainly overestimate in that region.
From information about the surface velocity u and the layer thickness h, additional information can be inferred about the granular layer despite the inability to directly measure the z dependence of density and velocity. If we assume that the u͑z͒ and ͑z͒ profiles do not change their character along x, then by conservation of mass one has that the mass flux per unit channel width is F = hu where the overbar denotes a depth average. Numerical simulations ͓21͔ suggest that for at least some range of , is almost constant over the depth. With that assumption, we have that F Ϸ hū. Thus, as a first approximation, plotting F / uh as a function of x provides information about the downstream evolution of the mean density . The degree to which this is a good approximation depends on the details of ͑z͒ and u͑z͒. The slight difference in between the values estimated this way and measured by a more precise method presented Sec. III B can result from a nonuniform ͑z-dependent density͒ at faster flows. Because we do not know the absolute value for F, we normalize the resulting values of assuming that the flow density for the lowest plane inclination was near to the density of the static packing, s , near the hopper. For the other values of we assumed a 60% increase of the hopper flow rate between = 35.0°and 52.2°for all values of H. The resulting normalized mean density / s is shown in Figs. 9͑g͒-9͑i͒ as a function of x. One sees that the density drops rapidly as a result of increasing velocity for higher plane inclinations especially for the case of lower incoming flow rates. A more precise characterization of the density change using the method described in Sec. III B, made at one downstream location x = 155 cm, will be presented below. Results of the two methods agree within the uncertainties inherent in each approach. Using the u͑x͒ curves the acceleration of the flow was obtained by assuming that a = du / dt Ϸ udu / dx. The average value of a over the range 60 cmϽ x Ͻ 140 cm is presented as a function of in Fig. 11 . At higher plane inclinations, there is a significant acceleration for each value of H, whereas for the lowest value of the flow is x invariant for all the H values we investigated. The value of H corresponding to a = 0.05g sin is indicated as a function of in Fig. 5 with a dotted line as a boundary between the accelerating and x-invariant steady regimes measured at this distance from the hopper.
In the following we analyze the velocity u, flow thickness h, and dimensionless mean flow density / s as a function of and H at the location x = 155 cm below the hopper. Parts of our data correspond to accelerating nonstationary flow. Since we are reporting averages obtained near the channel center, we need to determine the degree to which those averages depend on the lateral homogeneity of the flow. Thus, we first indicate some measure of the lateral flow structure.
Lateral velocity profiles u͑y͒ are presented in Fig. 12 . In the homogeneous dense flow regime, the velocity is relatively constant over the center 12 cm of the channel corresponding to about 75% of the channel width. At the edges of the channel there are boundary layers that arise from the friction with the sidewalls. As the sidewalls of the channel have a smooth surface, friction is significantly less important there when compared to the rough plane. The transition to the stripe state ͑see curves in Fig. 12 with values of 42.6°a nd 45.8°͒ happens at around = 41°.
The surface flow velocity u, the height of the flowing layer h, and its standard deviation defined as = ͱ ͐I͑z͒͑z−h͒ 2 dz ͐I͑z͒dz are shown as a function of H in Fig. 13 as measured at x = 155 cm.
The flow velocity is a monotonically increasing function of H for all plane inclinations. In the fluidlike regime h is a monotonically increasing function of H as well, whereas has a constant low value reflecting the constant shape of the laser spot. The sign of the transition into the gaseous phase is the rapid increase of h and with decreasing H at higher plane inclinations.
The same set of data for u, h and is presented in Fig. 14 as a function of . Again u is a monotonically increasing function of for each value of H. In the fluidlike regime ͑larger values of H͒ the slope of the u͑͒ curves is nearly constant. At smaller H the slope increases considerably when entering the gaseous regime. The flow thickness h decreases with increasing in the fluidlike regime, meaning that larger flow velocity results in smaller flow thickness. This effect is actually stronger than Fig. 14͑b͒ indicates, as the incoming flow rate slightly increases with increasing ͑see Fig. 2͒ . Thus, thinning of the flow as a result of larger flow velocities is slightly counterbalanced by the growing value of the flow rate by increasing .
The different flow regimes can best be characterized by the flow density. As we see in Fig. 15 the normalized mean density / s drops continuously with increasing . The density drop is more dramatic for smaller incoming flow rate than for thicker flows.
The first regime corresponds to dense flows ͑slightly above the angle of repose͒ and is often characterized by the Pouliquen flow rule, where the depth averaged velocity ū is proportional to h 3/2 ͓9,10͔. This regime is reported to exist for the plane inclinations tan / tan r Ͻ 1.45, and the dense flow can be unstable with respect to the formation of waves ͓10͔. According to our measurements the mean density in this regime is slightly decreasing with but always stays larger than / s = 0.8. According to a recent theory by Jenkins ͓33͔ the density should decrease as / s =1−Btan 6 . A reasonable fit is obtained by this formula for a range of H up to the plane inclination tan / tan r Ͻ 1.5, yielding B = 0.52. In the second regime falling in the range of 1.45 Ͻ tan / tan r Ͻ 2.4, a stripe pattern can be observed with an average density of 0.2Ͻ / s Ͻ 0.8. The detailed characterization of the stripe structure is beyond the scope of this paper. In the third regime, the stripe structure disappears as the flow gets very fluidized with an average density of / s Ͻ 0.2. A dramatic density decrease was observed for lower incoming flow rates, typically at tan / tan r Ͼ 1.6, yielding a gaslike phase where the density was less than 5% of s . We characterize this transition in more detail below.
The surface flow velocity u as a function of height h is presented in Fig. 16͑a͒ for the fluidlike regime. Note that only the first curve ͑at = 35.0°͒ corresponds to stationary flows; the other curves ͑partly͒ fall already in the range of accelerating flows. Two sets of data were taken: ͑i͒ in the presence of air ͑solid symbols͒ and ͑ii͒ at low pressure P = 0.5 mbar ͑open symbols͒. In this regime the two sets of data match, implying that air drag does not become important even at the fastest flows where the grain velocity is close to the value of the terminal velocity measured in free fall. In the gaseous regime, however ͓see Fig. 16͑b͔͒ , particle velocities measured at ambient pressure are slightly smaller than at low pressure. Thus, in the gas phase the average interparticle distance is considerably increased and the contribution of air drag to the dissipation becomes important.
The changing nature of the flow is visualized in Fig. 16͑c͒ where all the data points are presented for two plane inclinations for the two regimes and the transition between them. The sharply different tendency of the u͑h͒ curves in Figs. 16͑a͒ and 16͑b͒ reflects the nature of the transition between the fluidlike and gaseous phases. For = 48.5°the larger flow rates give rise to dense flows ͓Fig. 16͑a͔͒ where increasing H leads to increasing h and faster flow. At lower values of the hopper flow rate decreasing H leads to increasing levels of fluidization and to a transition to the gaseous phase. In this regime ͓see Fig. 16͑b͔͒ , the density of the flow rapidly decreases with decreasing H and the measured thickness rapidly increases. Contrary to trends for the fluidlike phase, the leftmost data points of the curves in Fig. 16͑b͒ correspond to the highest hopper flow rates and the rightmost ones to the lowest hopper flow rate. Thus, the flow is not simply determined by ͑, h, x͒ as is the case for dense flows. For a given h, , and x, two solutions exists, one corresponding to a dense phase and the other to a very dilute one, depending on the flow rate.
A recent linear stability analysis indicated that the air drag could play a role in the development of stripe patterns in the fluidlike regime ͓16,34͔. According to our findings the density of the flow for the stripe state was in the range of 0.2 Ͻ / s Ͻ 0.8, corresponding to the regime where the role of the air drag is minor. The flow properties are not affected even at flow velocities near the terminal velocity in free fall. At the transition to the gaseous state the stripes disappear and the rapid decrease of the flow density leads to visible effects of air drag.
In summary, we have presented a detailed description of granular flow on a rough inclined plane-one of the most commonly used model systems for granular dynamicsconcentrating on the fast-flow regime. We developed a method to measure the depth-averaged normalized flow density / s and characterized the flow regimes as a function of / s . We have characterized the transition to a very dilute gaseous phase that takes place by increasing plane inclination and decreasing incoming flow rate. By measuring the flow properties at ambient pressure and at low pressure ͑P Ϸ 0.5 mbar͒ in a vacuum flow channel we have shown that the dissipation by the air drag ͑with respect to the other dissipational processes͒ is non-negligible only in the dilute gaslike phase. Other implications of this work involves the possibility of linking changes in the flow structure ͑such as the stripe state͒ as a function of plane inclination to the change in the depth averaged normalized flow density / s . 
